Response Modeling Methodology (RMM) is an empirical, statistical modeling
approach, used to create a functional relationship between a response variable
(the outcome) and a set of predictor variables (affecting factors) [1]. It is used
for two main purposes: [1, 2, 3]

1. Modeling Systematic Variation: Predicting variation of a response
quantile function, based on changes in regressor variables (relational
modeling);

2. Modeling Random Variation: Fitting a distribution to data when the

underlying distribution is unknown (distribution fitting). [1, 2, 3, 4].

The primary authority and developer of RMM is Haim Shore, Professor
Emeritus of Ben-Gurion University of the Negev, Israel. The foundational

literature spans dedicated books, comprehensive reviews, and specialized journal

The mathematical foundation of RMM rests on extending the inverse Box-Cox
transformation, using multi-variable error modeling, and applying continuous
convexity. Rather than modeling the mean response, RMM mathematically
defines the system via its quantile function — For any required standard normal
quantile, the RMM model delivers the corresponding response quantile, in terms
of a linear combination of predictor variables (LP, the Linear Predictor) and the

specified standard normal quantile.

Key Features of RMM

e Data-Driven Structure: Unlike Generalized Linear Models (GLM), where

the model structure (link function) must be specified prior to data analysis,
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RMM determines the relationship (linear or non-linear) from the data during
the estimation process;

e "Continuous Conveyor" Concept: RMM unifies various monotone convex
relationships—such as linear, power, exponential, exponential-power,
exponential-exponential and so on—into a single "umbrella" model, allowing
the modeler to move smoothly between these structures rather than choosing
one rigidly (refer to “the ladder”, in the Annex at the end of this Al-
summary);

e Handles Non-Normal Errors: RMM assumes two, possibly correlated,
additive error terms, one for the LP and another for the complete model. This
implies that the observed response distribution, for a constant LP, can be non-
normal, making it superior, in engineering applications, to traditional linear
regression where response data need to be normal;

o Two-Stage Estimation: RMM estimation typically involves two stages:

e Phase 1: Constructing and estimating the Linear Predictor (LP),
independent of the non-linear structure;

e Phase 2: Estimating, via maximum likelihood, the non-linear
structural parameters and error parameters of the modeled quantile

function. [1, 2, 3, 4].

RMM vs. Other Approaches

e vs. GLM: RMM is more flexible because it doesn't require pre-specifying
a link function. RMM's "ladder of monotone convex functions" captures
many models (including GLM) as special cases (see plot of the “Ladder”

at Annex, attached to the end of this summary);
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e vs. Transformation Approaches (e.g., Box-Cox): RMM often provides

a better fit when data are strongly monotone convex, which is common in

engineering and physical science applications. [1, 2, 3]

Direct Comparison: RMM vs. Traditional Engineering

Modeling

Feature

Model Source

Flexibility

Error

Assumptions

Extrapolation

Safety

Setup Speed

Response Modeling

Methodology
(RMM)

Purely data-driven

curve optimization

Extremely high;
shape adapts to data

Handles highly
skewed, non-normal

€1rors

Moderate; tracks
stable monotonic

trends

Fast; computed

directly from data

Traditional
Linear/Polynomial

Regression

Pre-selected polynomial

equations

Low; restricted to rigid

curves or planes

Requires normal error

distributions

Physical/First-
Principles Modeling

Derived from physical
laws (e.g.,
thermodynamics)

None; locked to the
chosen physical theory

Varies; often ignores

random statistical error

Poor; polynomials oscillate High; backed by

wildly outside data range

fundamental physics

Fast; standard least-squares Slow; requires deep

computation

The Core RMM Quantile Function

RMM assumes that monotone convex or concave relationships can be

theoretical derivation

continuous. At the heart of RMM is a relational model, which describes a
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modelled response, Y, in terms of a linear combination of effects which transmits
systematic variation to the response (the linear predictor, LP, denoted 1), two
possibly correlated zero-mean normal errors, €1 and €2 (with correlation p and

standard deviations c¢1 and o2, respectively), and a vector of parameters:
a i
Wzlog(Y):z[(n+gl) 1]+ u+s,.

Note that g1 implies that there is uncertainty (either measurement imprecision or
otherwise) in the explanatory variables (LP), which is additional to the

uncertainty associated with the response (&2).

It is easy to verify that the above relationship is capable of representing all
monotone convex relationships belonging to the “ladder of monotone
convex/concave functions” (see Annex). To realize that, ignore the error terms

and the response scale parameter, u, and consider the following simplified model:
a
Y = eXP[I(nl —1)]

One can easily derive the first four “steps” (functions) of the “ladder”:

1. Linear: A=0, a=1 {note that as A—0, (1/A)[(n)* - 1]— log(n)};
2. Power: A=0, a=1;

3. Exponential-linear: A=1;

4

Exponential-power: A#0, A=1.

How would one extract the exponential-exponential-linear and exponential-
exponential-power cases (the next two steps on the “ladder”)? Figures at Annex
demonstrate that by introducing two new parameters, 3 and k, an additional cycle

of the basic “linear, power, exponential” pattern is invoked. This allows us to



climb the “ladder” to its 5th and 6th “steps”. Indeed, this is a general principle:
with the introduction of two additional parameters, a new repetition of the basic
“linear, power, exponential” cycle is added to the “ladder”, allowing us to

“climb” to models with increasing convexity.

Case Study

A defining validation of Response Modeling Methodology (RMM) in
engineering is a famous comparative case study, focusing on modeling the
temperature-dependent physical and thermodynamic properties of pure

substances (such as water, oxygen, argon, and nitrogen). [1, 2]

Conducted mainly by researchers Diamanta Benson-Karhi and Haim Shore, this
engineering study pitted RMM against the global industry benchmarks for

chemical engineering data regression. [1, 2]
1. The Engineering Challenge

In chemical and process engineering, designing plants or simulating fluid
dynamics requires highly precise equations to predict how a substance behaves
under varying temperature. Properties like vapor pressure, liquid density,
surface tension, and viscosity exhibit complex, non-linear, monotone convex or

concave curves. [1, 2, 3]
Traditionally, engineers have relied on two separate solutions:

o DIPPR Database Models: The standard database from the American
Institute of Chemical Engineers (AIChE) uses complex, highly customized

semi-empirical equations unique to each individual property.
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o TableCurve 2D: A dedicated statistical software that brute-forces hundreds

of arbitrary mathematical functions to find the one with the highest purely

automated fit. [1, 2]

2. The Benchmark Comparison

The study evaluated 14 critical physical and thermodynamic properties across

varying temperature ranges. RMM used a single, universal 3-parameter or 4-

parameter model structure across all tests, relying entirely on its "continuous

convexity" property to naturally adapt to each curve. [1, 2, 3]

The models were benchmarked based on two metrics: Goodness-of-Fit (Residual

Sum of Squares) and Model Stability (resistance to wild oscillations outside

sample ranges). [1, 2]

Property
Evaluated [1,
2,3]

Equation

Consistency

Vapor

Pressure

(Pey)

DIPPR Standard TableCurve 2D RMM (Universal
Model Regression Model)

Identical
Highly variable; uses Arbitrary

mathematical
different equations  equations selected

platform for all
per property. case-by-case. ‘

properties.

Complex 5-parameter Custom high- Outperformed both

empirical equation.  order polynomial. in stability and fit.
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Puy) extrapolation. parameters.

Surface _ Superior stability

Tension Power-law formula  Complex rational he critical

near the critica

tailored to fluids. function. _

(o) temperature point.

3. Why RMM Outperformed Standard Regression

Standard regression models (linear or nonlinear) fail, or require excessive number

of parameters, because they force fixed geometric shapes (like rigid polynomials

or specific logarithms) onto fluid dynamics. RMM won because of its underlying

mathematical architecture: [1, 2]

No Structural Assumptions: Standard regression forces an engineer to
guess if a relationship is exponential, or power-law or a combination of
both (like exponential-power models). RMM's parameters adapt
organically, meaning the data themselves morph the curve into the correct

thermodynamic relationship.

Asymmetry & Skewness Tolerance: Thermodynamic properties near
critical points become highly skewed. Standard regression struggles with
non-normal error distribution, whereas RMM natively utilizes a dual-error

composition model that absorbs skewness.

Parametric Parsimony: RMM achieved tighter/more stable fits, with 3
to 4 parameters, compared to TableCurve or DIPPR models using 5 to 7

parameters. Thus, RMM eliminatea the risk of overfitting. [1, 2, 3, 4].
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Final Summary

Response Modeling Methodology provides engineers with a highly flexible,
data-driven framework that bridges the gap between rigid physical equations and
overly simple linear regressions. By adapting its mathematical shape directly to
empirical data, it accurately models non-linear scientific phenomena and skewed

process variations without requiring pre-specification of a fixed model structure.

Author Comment: Refer also to Response Modeling Methodology (Wikipedia)

for an authoritative report on RMM, with relatively recent comprehensive list of

RMM references.
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Annex: RMM in plots
(find details in Shore, H. The Effects of the Box—Cox
Transformation (Stat08456), 2023)

The “Ladder” (V=n+¢,)

Exponential-exponential: exp[a exp(V)]
Exponential-power: exp(aV®)
Exponential: exp(V)

Power: V?

Linear: V
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————————————
Scientific Relational Models

O Kinetic Energy: E (V) =M (V?2)

O Radioactive Decay: R(t) = R, exp(-kt)

O Antoine Equation: log(P) =A+ B/ (T+C),

O Arrhenius Formula: R (T) = A exp[-E,/(kgT)]

O Gompertz Growth-Model: Y= f3,exp[-B,exp(-B1x)]

o Einstein’s: E=MC?/ [1-(v/C)?]"?



The RMM Model
(axiomatic derivation)

O The general model:
Y =1fi(n,&;; 8;) f(ey; 9,)

f;- Model of systematic variation (with linear
predictor, 1, and additive error, &)

f,- Model of error variation (multip. error, &,)



The RMM Model
(axiomatic derivation)

The complete model:

fi(M.&1; 0y) Hr(ea; 05) = exp{(a/M)[(M+e)* - 1]+ Wy + €5}

€= 042, §= GxZy, {Z,, Z,} from abi-variate standard normal distribution with
correlation p

Three sets of parameters:
- The linear predictor: n= Py + 1 X; + BXyt..

- “Structural parameters”, {c, A, 1L}
- “Error parameters”, {p, G, x4}

“Notall parameters were created equal”



The RMM Model
(axiomatic derivation)

fi(n.&;; 61) = exp{(a/A)[(n+e)* - 1]}
Special Cases:
Linear: A=0, a=1
Power: A=0, o=1
Exponential: A=1
Exponential-power: A#0, A=1
Exponential-exponential: ??



The RMM Model
(axiomatic derivation)

fi(n,ey; 0)) = exp{(a/M)[(M+e)* - 1]}

/
Insert: exp{(B/x)[(n+e)<- 1]}
For k=0, p=1:

exp{(B/)[(n+e))* - 1]}=n+g,

Adding two parameters allows a repeat of the
cycle “Linear-power-exponential”



